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The problem

Suppose X = (X1, X2, ..., X™)s>0 is a strong Markov process.

We aim to find the “value” function V* = V*(-) and the optimal
stopping time T, such that

V*(x1, X2, ..Xn) = SUEEWQ,,W (e79g(XE X2, ..., XD))
TE

= EX11X27---7Xn (equ*g(Xj*,Xg*, ,X:*)) s
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Solution

Theorem

Assume that there exists an upper semicontinuous function f,
f:R" — R and S C R" such that

(a) f(x)>0forxeS, and f(x) <0 forx ¢ S.
(b) o E, <5UPogtgeq f(Xt)) =g(x) forx € S,
o E, (5Upogtgeq f(Xt)> >g(x) forx ¢ S,

(eq is and exponentially distributed random variable.)
Then the value function VV* for our optimal stopping problem is

V*(X) = EX <0<S;,I<peq (f(Xt) ]l{XtES})>

and the optimal stopping time 7" = inf {t > 0: X; € S}.
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Solution

Ok, we should find f to serve as an indicator where to stop.

S ={x:f(x)>0}.

The value function V* is

V*(x) = E, £(X,) 1
(x) (offfeq( (Xt) {xtes})>

the optimal stopping time 7% = inf {t > 0: X; € S}.

But how do we find f7?
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Solution

Consider X = (X5)s>0 = (X2, X2, ..., X")s>0, and f : R" — R.

Define Dy ={y 1y = Xs,t < s < eq}. ]

Why do we need it?
Now we can write

t<s<eq y€eDy

sup f(Xs) =" (argmax f(y))
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Appell Integral Transform

Definition

The Appell integral transform with respect to random variable
v = (v1,...,vn) of function g = g(-) is defined by

eiU1y1+---iUnYn

Ay{g}(yly-"7}/n) :/]R" fﬁl{g}(ulw'-;Un)mdul...dun

F e
- [ F e )

where F~1{g} is an inverse Fourier transform.
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Appell Integral Transform

Averaging property of Appell Integral Transform

EA”{g}(x +v) = g(x).

Indeed,
, L u(x+1/)
EAg)x+v) = E [ Fg)w) g
]:_1{ }( )Eeu(x+u)d
e u u
Rn g E uv
IJXEeUl/
= FHehu) =
R Ee
= g(x)
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Appell Integral Transform

The averaging property of Appell Integral transform means we can
find f in the case of Lévy processes.

Let

n = argmaxf(y)— x,
yeD_+

fly) = Ag}y)

Here 77 =inf{t >0:x+ X € S}, S={y: f(y) > 0},
Do+ ={y:y=x+Xs, 7" <s<eq}.
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Appell Integral Transform

o E, (SUPogtgeq f(Xt)> = g(x) for x € S,

E( sup f(x+Xt)> = E( sup f(x—i—Xt)>
0<t<eq TT<t<eq

= E(f(x+n))
= EANgi(x+n) = g(x).

o E, (SUPogtgeq f(Xt)) > g(x) forx ¢ S,

EX< sup f(Xt)> > Ex< sup f(Xt)>
0<t<eq TH<t<eq
= EA{g}(x+n) = g(x).
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Solution for Levy processes

Theorem

When X is a Levy process, the value function is given by
V*(x) = Ex ( sup A{g}(x + X¢) ]]-{X+Xt€5}>
0<t<eq

and the optimal stopping time 7" = inf {t > 0: x + X; € S},
where S = {y : A{g}(y) > 0}.

But we still have a problem. To construct f we need to know 7,
and to construct 17 we need to know f.
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Solution for Levy processes

But still we have a problem. To consruct f we need to know 7,
and to contruct 17 we need to know f.

There is a special case in dimension 1, when g is a monotone
function.
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Properties

Appell integral transform of various functions

Appell polynomials Q%(y) are traditionally defined for one variable

as

d" eV

&)= 5 (g omy) (5.1)
" du™ \E(e") ) |,o
in other words, E(eeuuyy) is the generating function for Appell
polynomials
ety e u"
— v
n=0

o Q¢(X;) are martingales, if X; is a Lévy process,
° d%Q,'f(}’) =nQ; 1(y),
@ Appell polynomials are Bell polynomials in cumulants.
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Properties

Appell integral transform of various functions

eiuy x (I'u)n
W = Z nl Qn(y). (5.3)
n=0
We can generalize the construction into multiple dimensions, by

taking partial derivatives of

eiu1y1+...+iu,,y,,

E (eiU1V1+...+iulV1) :
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Properties

Appell integral transform of various functions

Proposition
The Appell integral transform of the monomial y" is the
corresponding Appell polynomial Q% (y).

PrROOF. By F~1{g} we denote the inverse Fourier transform for
some function g = g(-). By 6(")(u) we denote the n’th derivative

of the delta function. More precisely,

| 09 wouds = (-1 ) (5.4)
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Properties

Appell integral transform of various functions

Note, that the inverse Fourier transform of y" is the n’th derivative
of the delta function,

FHy " Hu) = (1)) (u).
Indeed,

/ F Yy " (u)e™ du :/ "6 (u)e™ du
n

— (_I-)n % (eiuy)

n

u=0
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Properties

Appell integral transform of various functions

Therefore,
f 1 n ILly
- [ g
= ing(n) e =
/_OO, 5 ) &l
n d" eiuy
= g (gtom)|, s
= Q7(y)
A

Thus with a slight abuse of notation we write for simplicity Q% (y)
instead of Qya(y).
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Properties

Appell integral transform of various functions

Note, that the inverse Fourier transform of y;™...y,* is the
corresponding derivative of the delta function,

fﬁl{yn}(u) — i”l+-~~+”k5(”lv--~7”k)(U)'

Indeed,

/.F_l{yfl...y,:"‘}(u)ei”ydu = /i"1+“'+"k(5("1""’"k)(u)ei”ydu
R~ R~
df df .
_ _n\m+..4ng 1 k iuy
(—1) EEI.”EH&—(e ) .

_m
= Y'Y
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Properties

Appell integral transform of various functions

Therefore,

AP = [ F T

eluy

_ / iﬁ1+---”k(5(”17""nk)(U)E i du =
) eluv

@ (e
- du” E(eiuz/)

u=0
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Properties

Appell integral transform of various functions

Let the reward function g be given by linear combination of
exponentials

n
k=0

One can notice that the inverse Fourier transform of e'«Y is the
delta function at —iry,

“Le }(u) = 8(u + ir).

Indeed,

/ FHe }(u)e™ du = / Sutin)e du= | . =ew.
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Properties

Appell integral transform of various functions

Proposition

Let g(y) = > p_o cke™ . Then the Appell integral transform of g
is a sum of the corresponding Esscher transforms, i.e.

elky

Ee'kv .

A {gHy) = Q) =
k=0

By analogy we extend it to the multidimensional case.

Proposition

Let g(y) = etk Then the Appell integral transform of g is

, eMY1t - -rkyk
A{e}Y) = o
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Properties

Appell integral transform of various functions

Let the reward function g be given by an exponential polynomial

n
g(y) _ Z Ckykerky-
k=0

Note that the inverse Fourier transform of yXe'¥ is the k’th
derivative of the delta function at —iry,

FHyke™ }(u) = (=1)*6W (u + iry).
Indeed,

/ J:_l{ykerky}(u)ei“ydu

/ (=165 (u + ir)e™ du

dk

_ W (eiuy) kerky.

=Y

u=—iry
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Properties

Appell integral transform of various functions

Denote the k-th derivative in u of Eee—uuyl, at u=aby Q}(y;a):

Q%ia) = o (o 55)

u=a

Proposition

Let g(y) = Y_7_o cky“e™™. Then the Appell integral transform of
gisa

A’{g}(y) = Qg (y) = ZCka (v rk)-
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Properties

Appell integral transform of various functions

%subsubsection The martingale property of AXt{g}(X;) for a Lévy
process X.
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Properties

Appell integral transform of various functions

The linearity of A”-transform follows from linearity of the inverse
Fourier transform.

Lemma

Let Appel integral transforms exist for the real functions f and g.
Then

A{af + cglly) = aA{f}Hy) + A" {g}(y), (5.6)

where c; and ¢y are some constants.

Elena Boguslavskaya On Solving Optimal Stopping Problems



	The problem
	Solution
	Appell Integral Transform
	Solution for Levy processes
	Appell integral transform of various functions 
	Appell Polynomials
	Properties


