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Principal-Agent problem

The -Agent problem arises when one person or entity (the )
hires another one (the Agent) to work on behalf of him.

Self interest \/ ( Principal \ | Agent \ :JSelfimerest

Hidden action: The work/action performed by the Agent is not observable by
the
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Principal-Agent problem

From the game theory point of view, the and the Agent play a
Non-zero sum Stackelberg game.

L
y

Offers Contract

y
’ Y\ .
. Rejects

» “a,

Outside
A ) option

Accepts
2

4
Action

Chao ZHOU NUs Bank monitoring under adverse selection 5/34



Principal-Agent problem

Examples of -Agent situations:
= -Employee.
m Agency problems: -Corporate management.
m Electricity markets: -Consumers.
m Pollution: -Companies.
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Principal-Agent problem

In the literature three main types of Principal-Agent problems are studied
First-best (risk sharing).
Second-best (moral hazard).
Third-best (adverse selection).

Chao ZHOU NUs Bank monitoring under adverse selection 7/34



Principal-Agent problem

Interaction under adverse selection.
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The model
m Preliminaries
m Weak formulation
m Contracts
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The model
[ o]

m A bank monitors a pool of / identical loans indexed by j =1, ..., I.
m Each loan yields cash flow p per unit of time until it defaults.
m The bank raise funds from an

m There are two types of banks in the market: the "good" bank p, and the
"bad" bank pp. The does not know the type of the bank, only the
proportions pg and pp.
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The model
oe

m Denote by N, := Zjl-zl 1(,i<4y, the current size of the pool at time ¢ is
I — Ng.
m The action of the bank of type p; is to decide how many loans he will not

monitor _
ky€{0,...,1 — N;}.

Every non-monitored loan renders a private benefit B to the bank.

The individual default intensity for each loan is given by

o/;". = Q_p, (1 + (1 — e{') 5) .

m The associated aggregated default intensity is given by

I—N¢

)\’t‘i = Z o = ay_p, (I — N + aki’;) .
j=1
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The model
L]

The bank controls the distribution of ;.
Probability space (€2, F,P) on which N is a Poisson process with intensity \?.

We denote 7 the liquidation time of the whole pool and let G := (G;)¢>0 be the
minimal filtration containing (F);>o and that makes 7 a G-stopping time.

Define P on G, by

dPk
- _ 7k
dP £

where Z¥ is the unique solution of the following SDE

t Ak
Z,_f‘:1+/0 zk ()\g—l) (dNs — Xds), 0< t <7, P—a.s.

Then N; — fot Akds, is a PX—martingale.
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The model
[ lele}

The designs a menu of contracts (V;)jcig.p = (K',0', D")icig.b}
consisting in:

m Predictable, non-decreasing payments D',

m Probabilities (1 — 67) under which the project is liquidated given a default.

m Recommended level of effort k.
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The model
[ lele}

The designs a menu of contracts (V;)jcig.p = (K',0', D")icig.b}
consisting in:

m Predictable, non-decreasing payments D',

m Probabilities (1 — 67) under which the project is liquidated given a default.

m Recommended level of effort k.

Denote H; := 1;>,, then

g =)0 with probability 61,
"7 )| dN; with probability 1 — 6i.
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The model
(o] le}

Utility of the bank of type p;
Ué(k/, gi’ D’) = ]E]p’" |:/ efrs(p,-st" + Bk; dS):| ,
0
Utility of the

v (Vi)icgg.) = Y Pi]E]Pki [/OT (I — Ns) pds — dD;] :

ie{g,b}
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The model
[efe] ]

Agent’s problem:

maximize uj(k,6', D")
ker

Principal’s problem:

s.t. ui(k', 0", D') > Ry, i € {g, b},
ub(k',0', D") = sup ul(k,0',D"), i € {g, b},

ker

keR
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Pure moral hazard

Pure moral hazard
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Pure moral hazard

Continuation utility approach:
m Discrete time: Spear and Srivastava (1987).
m Continuous time: Sannikov (2008).
m Bank monitoring: Pagés (2013) and Pagés and Possamai (2014).

Define the continuation utility of the bank at time t > 0

ui(k,0, Di) = P {/ e"=1) (p;dD] + kBds)
t

JENT

6]
Define also the value function of the bank for any t > 0

Ui(0', D") := ess sup ui(k, 0, D).
kes
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Pure moral hazard

The process e "ui(k, 0", D) + fot e~ " (p;idD} + ksBds) is a Pk—martingale.

There exist G—predictable processes h'*k and h*¥ such that
dul(k,0", D') = (rui(k,D',0") — Bk.) dt — p;dDi — hi""* (dN; — \dt)
— W2 (dHy — (1 — 0)M\edt) , 0 <t <7, P— a.s.

The continuation utility is a super-solution to a BSDE with jumps.
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Pure moral hazard

Let us then define
YUK = ul(k, 07, D), ZPF = (R O R2T)T My = (N, He) T
= = [0 00 ds, K= il
so that we can rewrite the previous equation as follows P — a.s.,
v =0- / Fi(s, ke, YOK, Z1F)ds + / zi - dMi+ / dKl, 0<t<T,
t t t

where ' '
fi(t k,y,z):=ry — Bk + kay_n,ez- (1,1 —6)".
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Pure moral hazard

Denote by (Y', Z') the unique (super-)solution to the following BSDE
Y—O / sY’ ds+/ Z’ dl\/l’ /d ,O§t§7,]P’—a.s.,
t

where

(t,y,z) = inf fi(t, k,y,z).
g(ty.2) kE{Oj,r.].I—N,} (t Ky 2)
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Pure moral hazard

Denote by (Y', Z') the unique (super-)solution to the following BSDE
Y—O / sY’ ds+/ Z’ dl\/l’ /d ,0§t§7,]P’—a.s.,
t

where

(t,y,z) = inf fi(t, k,y,z).
g(ty.2) ke{or./—/\/,} (t Ky 2)

By the comparison theorems, Royer (2008), the value function of the bank has
the dynamics, for t € [0, 7], P — a.s.

dui(6', D) = (rUi(¢', ') = BIC + N 2L (1,1 00) ) dt — pidD] - Z{ - d, (1)

and the optimal monitoring choice of the bank is given by

kit = (1= Ne)lzi 1 gi)T<pyy-
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Pure moral hazard

The value function of the in the pure moral hazard case is
VP™(Ry) =  esssup  EP [ / (I — N,)uds — dD! gt] :
(Di 07,77 Ai(Ro) tAT

where the set of admissible contracts A’(Ry) is defined by

A'(Ro) :={(0',D',Z"), st. U§(6",D") > Ro} .

1 state variable = associated system of HJB equations (ODE’s).
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Adverse selection

Adverse selection
m Credible set
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Adverse selection
000000000000

Define the set V; := [Bj/(r + XJ-SH), 0).
For every admissible contract (6,D) € © x D and t >0

(UP(0, D), UE(0, D)) € Vi—n, x Vi—n,.
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Adverse selection
000000000000

Define the set V; := [Bj/(r + XJ-SH), 0).
For every admissible contract (6,D) € © x D and t >0

(UP(0, D), UE(0, D)) € Vi—n, x Vi—n,.

Do all the points from 17/,,\,, X 17/,/\/, correspond to a pair of value
functions of the banks under some admissible contract?
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Adverse selection
000000000000

Credible set approach:
m Cvitani¢, Wan and Yang (2013).

Definition

For any time t > 0, we define the credible set C;,_p, as the set of

(uP, u®) € 17/ N, X ]A}/ N, such that there exists some admissible contract
(6, D) € © x D satisfying Uy(0, D) = u®, U{(9, D) = u& and

(Ub(6, D), UE(A, D)) € Vi_n, x Vi_n, for every s € [t,7), P— a.s.
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Adverse selection
00@000000000

We denote by 1;(u®) the largest value U£ (6, D) that the good bank can obtain
from all the contracts (6, D) under which the value of the bad bank is u?. We
also denote the lowest one by £.(u®).

m £:(uP) can be simply obtained.

m 8, (uP) solves a stochastic control problem
= associated system of HJB equations (ODE’s).
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Adverse selection
000800000000

u9

Figure : Credible set with j loans left.
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0000@0000000
The designs two contracts:
b pb
v, = (D%,08), W, = (D",0°).

Each one of these contracts will depend on two state variables, due to the
temptation processes of each agent.

Chao ZHOU NUS Bank monitoring under adverse selection 27 /34



0000@0000000
The designs two contracts:
b pb
v, = (D%,08), W, = (D",0°).

Each one of these contracts will depend on two state variables, due to the
temptation processes of each agent.

Contract designed for the good agent:

dUB (6%, DF) = <rUf((}g, D®) — BK® + k28 - (1,1 — 05)T> dt )

— pgdDE — ZE - dME,

dUb<(0%, DF) = (ruf‘(e& DB — Bk} + kiPezbe . (1,1 — ef)T) dt (3)

— pgdDE — ZP< . dME.
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Adverse selection
00000e000000

m Value function of the on the lower boundary:

— Obtained from the properties of the lower boundary.

m Value function of the on the upper boundary:
= associated system of HJB equations (ODE’s).

m Value function of the on the interior of the credible set:
= associated system of HJB equations (PDE’s).
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Adverse selection
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Figure : Optimal contract for the good agent.
[ ]
m the bank is not paid and the project is liquidated.
[ ]
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Adverse selection
0000000 e0000

The value of the is given by

_ \/&(, b,c \/br, b c
vo = sup pe VE (U™, u8) + pp VP (u”, u®°).
{Ro<ub,ubc<ub ue.c<ue}
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Thank you for your attention!

Crnacub6o!
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Adverse selection
000000000800

Investor’s problem and full-monitoring contract

PM: define some family of concave functions, unique solutions to the following
system of ODEs

Ou+¥&ﬂﬁyw)uu¥< () = = B' @;u>—mue(mb+b 1],

(ru+35) () () +jis — A(()—dia—%): e (B +b-19f]
pivi) () +1=0,u >,
*)

with initial values v/ := b; and

"o by(r + A9)
Pi - /\(1) p,'/\(l)

Y

and where for j > 2, 7} is defined recursively by r/XJQ —1le€ Bv (7J b; i), Where
8\/1-’;1 is the super—differential of the concave function vj’;l.
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Adverse selection
000000000080

Value function of the investor in the credible set

AS: We define, for any t > 0 and any (u?€, u8) € CA,,N,, the value function of the
investor in the credible set by

VE(uPc u8) ;=  esssup P [/ (n(! — Ng)ds — dD¥)

Ve A8 (t,ug,ub-<) t

] ®
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00000000000 e
The system of HJB equations associated to this control problem is given by
VE =0, and forany 1 < </

aub’c ’\)jg(ub,c, ug) (rub,c — Bkbe 4 [hl,b,c + (1 . e)hz,b,c]’):jyb’C)

, 0,8 VE (ube, u) (rug — BkE + [hY¢ + (1 — 9)h2=g]ijk‘)
min — SUP

T | HIVE (ube — hhbe ug — phe) — VE(ube g )3k

VE (b€ — BB i — BL8)(L— O)M° + 1y
b0y VE (4P, 08) + pgue VE(ub, u€) + 1} = 0. (6)

With kbe =1

(htber(1—0)hbe<h} k& =j- 1{h1‘3+(179)h215<5j} and the set of
constraints

T = {6, B2Pe B8 K2E) 0 € [0,1], u = hUE 4 h28,

ub,c — hl,b,c + h2"b’c, h2,g; h2,b,c > B(J: 1) )
r+ )\JSL-I
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