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Consequences of the Data Deluge (for series)

@ Large or big datasets are described by stochastic models,
more and more elaborated.

@ Fractional Brownian motion are described by one parameter,
the Hurst index H.

@ The Hurst index H correspond to the properties :
@ Long memory.
@ statistical self-similarity.
© Roughness = path regularity.
© Stickiness = persistence, anti-persistence or independence of the
increments.
@ In behavioral finance, turbulence, biology, physics, health and
medicine, the Hurst index is varying with the time.

PR BERTRAND ET AL. (Clermont Auvergne U.) Overfitting Hurst index Peterhof, July 17 2017 3/71



Introduction

Historical recall on some stochastic models

Stochastic model tries to better fit real datasets

@ Brownian motion (H=1/2)
Einstein 1905, Bachelier 1901, Wiener 1930 ...

@ Fractional Brownian motion (0 < H < 1)
Kolmogorov 1940, Mandelbrot 1968.

@ Multifractional Brownian motion  (H(t) is time-varying)
Benassi, Jaffard, Roux 1997, Peltier, Levy-Vehel 1996, ...

@ Different generalisations motivated by specific applications
Many references since 2000.
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Future ?

Stochastic model tries to better fit real datasets
@ Brownian motion (H=1/2)

@ Fractional Brownian motion  (H #1/2)
@ Multifractional Brownian motion  (H(t) is time-varying)
@ Different generalisations motivated by specific applications
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Future ?

Stochastic model tries to better fit real datasets
@ Brownian motion (H=1/2)

Fractional Brownian motion (H #1/2)
Multifractional Brownian motion  (H(t) is time-varying)

Different generalisations motivated by specific applications

Multifractional Brownian motion with a Hurst index H(f, ®) being
itself a stochastic process ?

A parcimonious model ?
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A statistical artifact (Fractlab)

° °
9 3
3 N ¥

-

FIGURE — We have simulated a fBm with constant Hurst index H = 0.7 and

estimated a time-varying Hurst index Fl(t) with 3 different estimators (Wavelet,
Quadratic Variation, Linear regression GQV)
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Introduction

A statistical artifact, JM Bardet (Software for
estimating the Hurst function H of a mBm)
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FIGURE — We have simulated a fBm with constant Hurst index H = 0.7 and
estimated a time-varying Hurst index H(f) with 2 different estimators (Linear

regression GQV and Increment Ratio)
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Recall on fractional Brownian motion

Definition
The fractional Brownian motion (fBm), with Hurst index H and variance
o2, is a zero mean Gaussian process with covariance

Ru(t, t2) cov (X(t), X(t))

1
50 ([t + s = |t — s}

@ The Hurst index H €]0, 1[.
@ WhenH=1/2etc =1, B; 2 is a standard Brownian motion.
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Fractional Brownian motion and multifractional Brownian motion
Fractional Brownian motion

A path of fEm, with -urst index H=0.35
and length n=10000

A path offBm, wih Hurst index 4=0.35
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FIGURE — We have simulated a path of fBm with constant Hurst index H = 0.35
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Fractional Brownian motion

A path of fBm, with -urst index H=0.75
and length n=10000
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FIGURE — We have simulated a path of fBm with constant Hurst index H =0.75
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The Hurst index H drives 3 properties :

@ Pathwise regularity Vt, o*(t) = H a.s. where

| X(t+h)— X(1)] 0
ho B

o (t) = sup {(x, limsupp_o
Q Self-similarity :

(BuD) 1 € (M BH(D) -
@ Correlation of the increments :
r(n) = cov(X(n+1)— X(n), X(1) — X(0)).

If H> 1/2, then the paths have

e Long memory : Y'i= _|r(k)| = o0
e Stickiness : r(1) > 0 = the increments are positively correlated
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Three representations of fBm

@ Moving average representation (Mandelbrot & Van Ness, 1968)

Bu = ¢ [ s e o,

© Harmonisable representation (Kolmogorov, 1940)

Bu(t) = [ (e 1) x g2 ()

where |/AV(d§) is the Fourier transform of the Wiener measure
W(dx).
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Wavelet series expansion of fBm

@ Wavelet series expansion (Meyer, Sellan, Tagqu, 1999)

Bit.H)= Y Y 2 Meu{o@t—kH—o(-kHf, (1)

j=—o0 k=—oo

o where(g;) ; .z is a family of independent Gaussian random
variables A((0,1);

o {2/2y(2x —k): (j,k) € Z?} is a Lemarié-Meyer wavelet basis ;

e and

iX ‘47(&)
¢(X’H)=/Re g|§|H+1/2 dc.

The convergence of the series is uniform on every compact subset
I x K C(0,1) x R, almost surely (Ayache & Tagqu, 2003).

(@)
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Recall on multifractional Brownian motion

@ The multifractional Brownian motion (mBm) can be seen as a
generalisation of the fBm

@ The Hurst index 0 < H < 1 is replaced by a time-varying function
t— H(t)
X(t) = B(t, H(t))

where B(t, H) := By(t) is the wavelet series expansion of fBm, or
another representation.
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Multifractional Brownian motion, H(t) smooth

a ath of mBmX(Y) with time varying Furst index H()

FIGURE — A path of mBm with Hurst index H(f) = 0.1 +0.7 X [1 — t-sin®(104)|,
Software by JM Bardet
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Multifractional Brownian motion, H(t) rough

a ath of mBmX(Y) with time varying Furst index H()

2

FIGURE — A path of mBm with Hurst index H(f) being a fBm with H = 0.75,
Software by JM Bardet
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Applications in many fields

Models with a time-varying Hurst index can be encountered in many
different fields

@ In turbulence (see Papanicolaou and Solna, 2002) : the mBm with
a regularly time-varying Hurst index is used for the air velocity.

@ In statistical study on magnetic dynamics (see Wanliss and
Dobias, 2007) : an abrupt change in Hurst index can be observed
before a space storm in solar wind.
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Behavioural economics. ..

Economic point of view is developed by Bianchi (2005) — Bianchi,
Pantanella, Pianese (2015).

@ Periods with Hurst index H # 1/2 can be explained by behavioural
economics :

@ H=1/2][independence of the increments] :
= efficiency of the market.

@ H(t) < 1/2[increments negatively correlated)] :
the market is not confident in the past and it overreacts to new
information.

© H(t) > 1/2[increments positively correlated] :
the market is too confident in the past and it underreacts to new
information.

@ In behavioural finance, under-reaction is due to overconfidence of
investors.
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...against mainstream Finance

@ Arbitrage opportunity for fBm is possible when the Hurst index H is
constant without transaction costs (Rogers 1997, Shyriaev 1998,
Cheridito 2003).

@ However, arbitrage with fBm does no more exist with small
transaction costs (Guasoni, 2006, Guasoni, Rasonyi,
Schachermayer 2010).

@ Today research in finance investigates pricing for fBm, see
"Shadow prices, fractional Brownian motion, and portfolio
optimisation under transaction costs"

Czichowsky, Peyre, Schachermayer, Yang (2016)
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Estimating the Hurst index for fBm or mBm

Estimating Hurst index for fBm

@ Let X be a fBm. We observe one path of size n of the process X
with mesh hp = 1, namely (X(0), X(t), ..., X(tn))-

@ The standard method for estimating Hurst index for fBm are
o Wavelet coefficients HW) (Abry et al. 2003).

e Linear Regression of Generalized Quadratic Variation H(G3Y)
(Benassi-Cohen-Istas, 1998, Coeurjolly, 2005)

o Increment Ratio statistics H/P, (Bardet-Surgailis, 2010).
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Estimating Hurst index for mBm

@ Let X be a fBm or a mBm. We observe one path of size n of the
process X with mesh h, = 1, namely (X(0), X(t1),...,X(tn)).

@ The standard method for estimating a time-varying Hurst index for
mBm is to localise the estimation of a constant Hurst index on a
small vicinity of each time t, namely on

V(t,en) = {t such that |ty — t| < €p},
where €,=n"% with 0 < o < 1. Thus

€n
€, —0 and h——>oo as n—» oo,
n
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Estimating the Hurst index for fBm or mBm

Pointwise convergence
of time varying Hurst index H(t) for mBm

Localized Hurst index estimator converge for all t € (0, 1) for Wavelet

estimator, GQV or IR estimator
Abry, Flandrin, Tagqu, Veitch (2003),Coeurjolly (2005), Bardet-Surgailis

(2013), . ..
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Functional Central Limit Theorem

Coeurjolly (2005) states a functional CLT for the GQV estimator
Theorem : Coeurjolly, 2005 — 2006

If t — H(t) is regular enough, then for all time ¢, H,(,GQV)(t) — H(t) and
Vaegnx (FF(0 - Hb) — o G0
where G'(t) a zero mean Gaussian process, with covariance structure :

var(G'(t) = 7Y(H(t)) forallte (0,1),
cov(G'(t1), G () 0 with (t;, ) € (0,1)% for t # s,
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Estimating the Hurst index for fBm or mBm

Complicated formulas for YGQY)(H)

2) A{UUYHYA

YO gy — ( 22

kez 4/|A[14
with
a 1 2 & / 2H
(k) = —EZZaqaq/|q—q+k| ,
g=0g'=0
a = (17_271)
u = (1,...,1)
and
M

A = In(j)— Z v)forall j=1,....M
v=1

To sum up, we can compute 1¢?Y)(H)
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Functional CLT, Bardet-Surgailis (2013)

Theorem : Th.2 and Th.3 in Bardet-Surgailis, 2013

@ Under some technical assumptions

@ the functional CLT of Coeurjolly (2005) holds for both GQV and IR
estimator, with two different limit processes G(G@V)(t) and GUA)(¢).

@ For all family ty,..., t, GYA)(t) are independent centered
Gaussian r.v.’s such as,

[G(IR ] — P (H

@ and G(G@)(t) are independent centered Gaussian r.v’s such as,

E[G(GQV) t,] G ().
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Recall on Increment Ratio Statistics (IRS)

Let X be observed at the discrete times t=1,...,n.
@ We define the increments of order L = 1 by
O1() = X1 — Xi
@ We define the increments of order L = 2 by
Ba(t) = Xpu2 — 2Xpi1 + X
Then, the IRS is given by

/RSL n

8L)(l‘+1 )

with

if (x,y) € R?\{(0,0)}
if (x.v) = (0.0).
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Central Limit Theorem (CLT) for IRS

When X is a fBm with Hurst index H, that is X = By, we have the CLT
(Bardet, Surgailis, 2011) :

Vn (IRSLn(Br) — Ao (pL(H)) ) — A(0,62(H))

for He (0,1)if L=2and H € (0,3/4) for L=1.

With
1 1 [1+r 2
Ao(r) = —arccos(—r)+—1/ lo
olr) T (=N TV i1—r J 1+r
and
22H=1 1 if L =1
pu(H) = —32H 022 7
8 _ D2H+1 ifL=2
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The maps H +— p,(H) and p — Aq(p) are non
decreasing.

For L =1 or 2, we define

AH

s
) 0.2 0.4 0.6 0.8 1 o 0.2 0.4 0.6 0.8 1
o<H=1 oO<H=<=1
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Complicated formulas for YA (H)

@ For a fBm with Hurst index H, we have
(M) "IRSL,) — H  whenn— .

e Formulas for YR (H)

0 2
YR(H) = |5 ) el)] X o(H)?
o(H)* = Y cov(yo,x)
keZ
Vi = W(82(Bh(k),82(Br(k +1))

To sum up, we can compute 1%?Y)(H)
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The maps H — o,(H) can be computed.

0. |
=]l
o. 1
|
|
0. |
I
|
} . }
0.25 0.5 0.75 1 1= 1.5 |75
I H I

Surgalilis, D., Teyssiere, G., and Vaiciulis, M. The increment ratio
statistic. J. Multivariate Anal 99 (2008), 510-541.

PR BERTRAND ET AL. (Clermont Auvergne U.) Overfitting Hurst index Peterhof, July 17 2017 31/71



Consequences of functional CLT

Functional CLT implies

@ EHCY)(#) — H(t), since GGQY)(¢) zero mean process.
@ EHR () — H(t), since GUR)(#) zero mean process

@ the speed of convergence is \/2¢€,- n
© We can also deduce confidence intervals.

@ Integral Square Error (after rescaling) will converge to

1
/ 1 YEM(H(t) dt #0, resp. / YR (H(t)) dt 0.
0 0
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.. .illustrated by simulations

alpha=0.4 wirtdow size=416
MISE Qv=0.072753, MISE IR=0.11562

Function H

Mean estimator HOY

— == Mean estimator HIR
Mean HQY + stc

- Mean HQY -std

~ ———Mean HIR +5td AN

- : o | =——meantm-sa
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Paths of H(t), for H(t) regular

0% path ofthe estimators
alpha=04 wirdow size=406

Function H

————— Estimator HQV

it i ===~ Eimator HIR

FIGURE — path of the estimation of a regular Hurst index H(t), Software by JM
Bardet
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Simulations of mean ﬁ(t) for H(t) = 0.6 (fBm)

alpha=0.35 windowsize=631 Funtion H
MISE QY=0.045898, MISE R=0 088568 —— — - Mean estimator HOY.
or — == Mean estimator HR
Mean HOY + std
Mean HOV - std
N — == Mean HR +std
. ~r
v - iR
0 i . E Yoo ) Mean HIR - st
IRV i RPN SO
At ATV sy % NIV Y o~ " - . A
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time

FIGURE — Mean estimation of regular Hurst index H(t), Software by JM Bardet
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Paths of H(t) for H(t) = 0.6 (fBm)

One path ofthe estimators
alpha=0.35 windowsize=631 Function H
————— Estmator HOY
07 === Etmator HIR
i
]
07 !
I
I+
o R
B, \,l'.
Tty i
Airint R
UG L] ;.
lgd o Vv,\ "I i”wll
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[ nsu
. UNETHE S AN
Yo [AUNY]
ity
EN
u
04
0
o 02 03 7 g 08 07 3 9

FIGURE — path of the estimation of a regular Hurst index H(t), Software by JM
Bardet
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Simulations of mean ﬁ(t) for H(t) fBm 0.35

alpha=0.35 window size=531
MISE OV=0.050461, MISE IR=0.11091

e Funciion H
. — — - Mean estimator HQV
A N == :Mean estimator HIR
, N Mean HQY +std
N Mean HQY - std
— = Mean HIR +std
N — - —-Mean HIR - std

AL \ NS P N o N

FIGURE — Mean estimation of regular Hurst index H(t), Software by JM Bardet
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Paths of H(t)for H() fBm 0.35

One path ofthe estimators.
alpha=0.35 window size=631

Function H

— — — - Estimator HQY

— == Estimator HIR

FIGURE — path of the estimation of a regular Hurst index H(t), Software by JM
Bardet
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Explanation of the statistical artifact

In this covariance structure, we have
cov(G'(t),G'(t2)) =0

for all (t, ) € (0,1)> suchthat # +t. This explains the statistical
artifact

tme.
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Estimating the Hurst index for fBm or mBm

lllustration by Fig.1 p.1022 in Bardet-Surgailis,
SPA (2013).

Hy
6 o 5 o 5 o

Estimates of the function Hy(t) = 0.1+0.8(1 — t)sin?(10t) with t € (0,1) for n=6000 and 0. = 0.3 and o = 0.4
(from left to right). The top row represents the mean trajectories of H(t) and H"2)(t) the localized IRS
estimator obtained from 100 independent replications of MBM with the above function H(:).

The bottom row represents a trajectory of H(t) and H!F?)(t) obtained from one trajectory of MBM with the
above function H(-). The graphs of H(1), H(t) and H!R2)(#) are in black, blue and red, respectively.
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Fig.2 p.1023 in Bardet-Surgailis, SPA (2013).

alpha=0.3 alpha=0.4

HY)

@ Trajectories of H(t) and HR2(t) for one of the 50 differentiable Hurst
functions H(-) € C'°~ for n= 6000 and o = 0.3 and o = 0.4 (from left to
right).

@ For a=0.3, we have 2¢, = 882 X h,.
For oo = 0.4, we have 2g, = 370 X hj,.

@ The graphs of H(t), H(t) and HF2(t) are in black, blue and red,
respectively.
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Conclusion on estimation of time-varying Hurst
index H(t)

@ The naive estimators HG@Y)(t) and HA(t) have rough paths,
even when H(t) is regular or constant.

© This statistical artifact is explained by the functional CLT
(Coeurjolly, 2005 or Bardet-Surgalilis, 2013).
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Convergence of the normalized square error

From the previous functional CLT, we deduce the convergence of norma-
lized square error

{(eren) < [k ) — 0|~ u(Ho) ot}
[(2) x Jg v(H®)® ot Ve N

@ where H(t) is the right Hurst index,

@ and y(H) is given by the functional CLT for H(GQY)(¢) , resp. H/A)(t).

v
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Fitting test of time-varying Hurst index

A fitting test for time-varying Hurst index

We want to test if a time-varying Hurst index FI(-) is an admissible
model, that is

(Ho):H()=H()  versus  (Hy): H() A H()

We use the test statistic
_ @neg) x [ X0 Pt — A0 R] — J3 v(F) ot
Tn(H) = 1/2
CRFCORY
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A fitting test for time-varying Hurst index

@ Under the null hypothesis, we have

@ On the other hand, we cannot calculate the power of the test since
H(-) € C([0, 1]) which is an infinite dimensional vector space.
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Fitting test of time-varying Hurst index

1st application to model rejection

The naive time-varying estimator of the Hurst index could not be chosen

as a valid model. Let

H(t) = lim Hp(t)

n—oo

Then
~ N — I Vi Ot
(2 53 g er)
n HYﬁt 1 0;1
‘\@ ' umﬁtiugﬁimﬁ e

The null hypothesis (Hp) is asymptotically rejected.
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A real dataset (West Texas Intermediate, Oil price)

Daily spot price

from 0171311286

of crude oil
t0 0511612016

Ol price in dollar &)

s

\

1985 7880

885

2000

El

5

2010

2015 2020

FIGURE — Daily spot price of WTI oil from January 1986 to May 2016
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Estimation of the Hurst index

Hurst index estimated as piecewise constart
time-varying (h=700) or time-varying polynormial of degree 8

0
— plecewss const Hurstindex <100, g lsstp-value=0 24670
P — — —timevarying Hurs e (B 100 ing toctp-value=0 013808
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FIGURE — Three estimators of the Hurst index
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Result of the test

@ We reject the second and third estimator

© We accept the model of constant estimator with H(t) = 0.5052.
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Choice of an admissible model for Hurst index
Toward a model selection for Hurst index

We compute Tops and the corresponding p-value for the following
models

@ X fBm, i.e. H(t) constant ( )
@ X step-fBm, i.e. H(t) piecewise constant (magenta cross );

@ X mBm with H(t) a polynomial function (blue line ) :
For degree=1...15,
we compute Tops and the corresponding p-value.

@ X mBm with H(t) the naive estimator H/A(t) (red cross )
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Choice of an admissible model for Hurst index
Selection of the Hurst index

\ T observed for diferent time varying modei for Hurst index

———Tobs for polynomial interpolation
+ Tovsfem

Tobs step mem

Tobs stoch

degree of the polynomial nterpolation

FIGURE — Tps for the different models of Hurst index
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Choice of an admissible model for Hurst index
Selection of the Hurst index

p-value for diflerert ime varying model for Hurst index

——— p-value for polynomial interpokation
+ paluefBm
+  pevalue step mBm
+ pevalue stoch

observed palue

PR BERTRAND ET AL. (Clermont Auvergne U.)

degree of the polynomial nterpolation

Overfitting Hurst index

FIGURE — p-value for the different models of Hurst index
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A real dataset : NASDAQ (1971-2009)

Daily NASDAQ spot price
from February Sth, 1971 to Septermber 15, 2008
6000

| 'h

\
AN

L 1 L L L
1970 975 7980 To55 7890 1955 2000 2005 2010

—— Daily spotprice.

FIGURE — Daily NASDAQ spot price from 1971 to 2009
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log NASDAQ (1971-2009)

Iog(NASDAQ), daily spotprice in from February Sth, 1971 to Septermiber 1st, 2009

‘— Log spot price ‘

e \\n. eV
ANy

. ~M. vl\wf/u

N

FIGURE — Log NASDAQ daily price from 1971 to 2009. From 1975 to 1999
the Nasdagq increased yearly by 10.5%.
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Selection of the Hurst index for NASDAQ, T,ps

T observed for diferent time varying model for Hurst index

———Tobs for polynomial Interpolation

+  Tobsstoch

Tots

degree of the polynomial interpolation

FIGURE — Tps for the different models of Hurst index
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Selection of the Hurst index for NASDAQ, p-values

FIGURE — p-value for the different models of Hurst index
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And the winner is. ..
H(t) a polynomial function with degree 7
(Hurst index for NASDAQ)
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Chocolate medal :
H(t) a polynomial function with degree 5

mmmmmmmmmmmmmmmmmm
- time-varying (h=700) or time-varying polynomial of degree 5

E
&
}' i
i
Wl
W f ¥ & \A‘R A
v x'vh.""f \ Iy “»
S RN
\ ﬁ‘ ' l\
e \M\ A
\? \.,$ o ﬂ ‘,"I .
i AL
e
‘wﬂ\"ﬁ W

FIGURE — Hurst index for NASDAQ, as a polynomial function of degree 5

At the very beginning Nasdaq has a Hurst index around H = 0.7, but it
decreases to H = 1/2 when the market becomes more and more liquid.
PR BERTRAND ET AL. (Clermont Auvergne U.)

Overfitting Hurst index Peterhof, July 17 2017 58/71



Applications to real datasets Heart rate

A real dataset : Heartrate series for a Marathon
runner

Hearrate for a Marathon runner
Paris 2006

——— Heart rate for a Marathon runner

Hearrate (beatininute)

FIGURE — Heart rate for a Marathon runner (Paris 2006)
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Selection of the Hurst index for Heart rate
(Marathon runner), Tops

T observed for diferenttime varying model for Hurst index

———TTobs for polynomial interpolation

. stey
\ +  Tobsstoch

Tots
e

degree of the polynomial nterpolation

FIGURE — Tps for the different models of Hurst index
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Selection of the Hurst index for Heart rate
(Marathon runner), p-values

o p-value for diflerent time varying model for Hurstindex

degree of the polynomial Interpolation

FIGURE — p-value for the different models of Hurst index
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Applications to real datasets Heart rate

The winner is alone :
H(t) piecewise constant (i.e. X Step-fBm)

Instantaneous heartrate,

duration 6.2682 hors.

R i

FIGURE — Piecewise constant mean and Hurst index of Marathon runner heart
rate.
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Applications to real datasets Heart rate

Another Marathon runner

Instantaneous heartrate, ntmean,
duration 6.2683 hotrs.
200

Inetantaneous heart rate (beatiminute)
plecewise constantmean heartrate

——— piocewise constank mean heartratewth A = 120
—— RS *100

Heart atein beatfm

W
S AJULLF

i
B T00 50 200 750 E
time inminute

700

FIGURE — Yellow=Observed Heart rate. Blue : Change detection on the mean
with 8f = 7 beat/mn and automatic choice of window size. Red : Change
detection on the mean with &f = 10 beat/mn and window size=2 minutes.
Magenta : A(p2(H))
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A shiftworker, playing soccer in the afternoon

Instantaneous heartrats, s piecewise constantmean,
550 hours.

HeartPaein teatim
=

-

FIGURE — Yellow=Observed Heart rate. Blue : Change detection on the mean
with 8f = 7 beat/mn and automatic choice of window size. Red : Change
detection on the mean with &f = 10 beat/mn and window size=2 minutes.
Magenta : A(p1(H))
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From A(p;(H)) to H

is 3 e 7 T 3 T g T
)

Polynomial interpolation of A(p1(H)) — H
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Applications to real datasets Heart rate

A shiftworker, playing soccer in the afternoon

nnnnnnnnnnnnnn crate, mean,

duration 224558 hours.

FIGURE — Yellow=Observed Heart rate. Blue : Change detection on the mean
with 8f = 7 beat/mn and automatic choice of window size. Red : Change
detection on the mean with 8f = 10 beat/mn and window size=2 minutes.
Magenta : Hurst index
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Conclusion

@ We have explained the statistical artifact.

© We propose a fitting test for admissible time-varying Hurst index
H(t).

© Selection of the best model should be enhanced.
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Applications to real datasets Heart rate
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